We obtain some new necessary conditions for wavefront propagation in the noninvolutive Fuchsian operator class t∂ 2 /∂t 2 + λ(x,D x )∂/∂t + β(x,D x ). The point of view here is to show that cancellation of propagation of a new singularity in some semilinear systems can be arranged by means of Fuchsian perturbation admitting exact (left and right) microlocal parametrices.
We note that for the case t close to 1 (neglecting the second-order term; see Remark 3.2 below), λ = 1, β = 0 produces a well-known semilinear equation in which the nonlinearity u · v produces a new singularity in w at (x = 0, t = 1) which is propagated along the half t-axis t ≥ 1; see, for instance, Taylor [4] . Now in a practical model such as simultaneous explosion or seismic activity, one may wish to cancel the propagation along t ≥ 1 and we demonstrate that this can be done by a second-order Fuchsian perturbation introduced around the singularity (t = 1) and matching it with the nonlinearity as in the system (1.1); in principle, a perturbation here should mean addition to ∂w/∂t by M (0,β) w (see (1. 3) below). Notice that a first-order Fuchsian perturbation around (t = 1) will be degenerate hyperbolic at (t = 0) and not at the singularity (t = 1).
The cancellation of propagation along the base t-axis of the wavefront point at the triple characteristic (x = x 0 , t = 1, ξ = ξ 0 , τ = 0) in WF(w), the wavefront set of the solution in the perturbed system (1.1), is demonstrated by the use of an appropriate exact (both left and right) parametrix for the noninvolutive Fuchsian operator class:
where λ, β are real or complex constants. We remark that operators of type (1.3) are microlocal equivalents via the MKE (Maslov-Kuranishi-Egorov) setup, of a more general class of operators R = PQ 2 + AQ + B where P, Q are pseudodifferential operators with real principal symbols of orders 0 and 1, respectively, and A, B are operators of order 0, with P, Q having noninvolutive intersection, that is, the Poisson bracket of their principal symbols is nonzero at some point z • at which both the principal symbols vanish (see [3] ). We emphasise that we are here in a situation where we have to establish propagation or no propagation of a point that is common to the wavefront sets of w and the right-hand side u · v in (1.1); normally the propagation results are stated outside the wavefront set of the right-hand side of the equation. While attempting to avoid the base propagation in the class (1.3), it is natural to ask for the very general circumstances, allowing λ, β to be classical pseudodifferential operators of order 0 in the x-variables, under which there is a possibility of τ-axis propagation of the wavefront set of the general solution. The reason here is that if the singularity is made to stay put and not propagate in the base, then there is flexibility for it to propagate along the other (fiber) directions.
Addressing these questions, the paper is organised as follows. In Section 2, for the case of λ(x,D x ), β(x,D x ) being classical pseudodifferential operators of order zero in x-variables (dimension x can be ≥ 1 here), we give new conditions (see [3, Theorems 5.1, and 5.2]) under which t-analytical solutions to the homogeneous equation
can be constructed so that τ-axis propagation is then not possible in general; contrapositively this gives interesting new necessary conditons for τ-axis propagation. In Section 3, we demonstrate by wavefront estimate for an explicit choice of a two-sided parametrix for M (1, 0) that the forward propagation along the t-axis, t > 1, does not take place although there is a possibility of τ-axis propagation, as the wavefront estimates indicate. In Section 4, we observe that such a cancellation effect is indeed there, even if we consider perturbation by M (λ,β) , where for the purpose of exactness of microlocal parametrices, λ, β are only taken arbitrary constants, real or complex. It is also appropriate here to note that in a "correct sense" of perturbation, λ can be introduced only as a nonzero multiplication on both sides of the equation
were to be an operator in the x-variables, such an operator action on u · v may in fact smooth out or shift away the wavefront points of u · v unless of course λ is chosen to be hypoelliptic near the point in question; notice that there are indeed hypoelliptic unsolvable operators.
Necessary conditions for
We recall from [3] that τ-propagation, that is, propagation along the null bicharacteristics of the symbol t, is established under the noninteraction condition (near the triple . It is our purpose in this section to establish necessary conditions for τ-propagation which include the "interaction condition" when the wavefront sets of λ and β intersect near z 0 . We begin by looking at sufficient conditions for "no τ-propagation." It will be convenient here to recall certain remarks made at the end of paper, [3, page 573], concerning failure of solvability in the system (5.17) of [3] therein; we are now ready to state the following.
Proof. We follow the method of proof of [3, Theorem 5.1] and consider with the notation thereof the expression u(
, and the set of equations provided by M λ,β u = 0: 2) and the convergence for u is given in [3] . If now λ 0 (x 0 ,ξ 0 ) + k − 1 = 0 for some k ≥ 0, then clearly, as the discrete conditon is violated at only this k (λ not smoothing near z 0 ), we can solve for
It is therefore clear from (2.3) that the series for u(x,t) has L 2 convergence on compact t sets. It follows that (x • ,0,ξ • ,0) ∈ WF(u) as reasoned in the proof of [3, Theorem (5.1)] which is not τ-propagated, completing the proof.
Remark 2.2.
With regard to the statement of Theorem 2.1, we note that if λ verifies the discrete condition instead, then the fact that β is not smoothing near (x 0 ,ξ 0 ) implies the assertion in view of [3, Theorem 5.1]. We also note from Theorem 2.1 that under the "interaction condition" WF(λ) ∩ WF(β) = φ, if M (λ,β) admits τ-propagation, then this necessarily implies that λ + k − 1 is unsolvable for any integer k ≥ 0 (at which
We may thus take note of the "weaker" necessary conditions for τ-propagation given in the [3, Theorems 5.1 and 5.2].
Perturbation by M (0,0)
We first note that the "Hörmander product" u · v in (1.1) is well defined at the level of wavefront sets, since, solving for u and v in (1.1) respectively as H(1 − t ∓ x) in terms of the Heaviside function H it is easy to see
Thus clearly the fiber sum (τ + τ 1 ,τ − τ 1 ) = (0,0), so that u · v is well defined. Now one solves for w from the equation ∂w/∂t = u · v by simple integration noting that the integrand is smooth for t < 1 in (x,t) space, outside the union of the lines 1 − t ± x = 0. The "joint" singularity in u and v at x = 0, t = 1 is picked up by w (in view of microlocal regularity) and propagated along the half t-axis, t ≥ 1, as per the solution w(x,t) = 1 − |x|, |x| ≤ 1; see [4] . A question arises as to why the singularity in w is not propagated in both directions of the t-axis from t = 1 in view of Hörmander's propagation theorem; but this cannot be since propagation results are normally valid outside the wavefront set of the right-hand side, which is not the case here. Now we allow the second-order Fuchsian perturbation near the singularity t = 1 and study the equation
Solving (3.2) "factor-wise," we easily see that
Now by smoothness of the integrand in t < 1 as observed in the paragraph following (3.1), it follows that w is smooth in the interior of the triangular region bounded by the x-axis and the lines 1 − t ± x = 0 passing through (t = 1, x = 0). In particular, the singularity in an "extended" solution near t = 1 is not per se by uniqueness of solution of (3.2) propagated in t < 1 ; this is also confirmed by microlocal analysis below (see the paragraph above Theorem 3.1). A method of extension of this solution to a neighbourhood of t = 1 is given in (3.5) below, which is well defined in terms of the kernels (3.6). Now as to whether this singularity in w at t = 1 propagates in t > 1 along the t-axis, we show that such is not the case. It will now be our purpose to construct appropriate two-sided microlocal parametrices for M (1, 0) in such a way that as far as the "base" t-propagation is concerned, the singularity in w at t = 1, x = 0 stays put there. We note that both the necessary conditions of Theorem 2.1 are satisfied for the operator M (1, 0) , giving "hint" of flexibility for τ-propagation.
The translation t → t − 1 gives
where ( uv) has now a "base" singularity at t = 0, x = 0. Now a formal solution to (3.4) can be written:
This formal solution leads to well-defined distribution kernels which represent the following microlocal parametrices, each being both a left as well as a right exact inverse for M (1, 0) :
The fact that the kernels (3.6) are left parametrices as well follows from their action in the s-variable on M (1, 0) f (x,s) and integrating by parts. It can be verified that the (t,s) parts of the distributions in (3.6) are well defined in terms of the Hörmander product condition, since, for instance, WF(H(t ± s)) ⊂ {(t, ∓t, −τ, τ) : t ∈ R, τ = 0}.
Now consider the kernel
6 Propagation and cancellation in Fuchsian operators
Using the fact that
and recalling the "tensor and Hörmander product formulae" for wavefront sets, we obtain the following wavefront estimate on the kernel K (1, 0) (in the following ξ = 0 when it occurs below):
Now from the equation
we obtain, applying wavefront calculus (composition formula),
in relation to the singular point (0,0, ξ 0 ,0) of ( uv), the following: in order that (0,0, ξ 0 ,0) be a possible first coordinate in the union (3.9), which must be the case since w has such a singular point, it is necessary that the sets {(0, s,−ξ 0 ,0) : 0 ≥ s} and {(0, 0,−ξ 0 ,σ) : σ = 0} form second coordinates with (0, 0, ξ 0 ,0) in the union (3.9). But, by the "mapping principle" of the composition, since ( uv) does not have singularities on the t-axis other than at t = 0, only one point, that is, (0,0,ξ 0 ,0), is relevant in the last set (only this accounts for the "base" propagation) in the union (3.9). Note also that the second set in the union of WF( w) adds nothing since zero section does not occur in the second 4-tuple in (3.9).
We thus see that w does not have singularities in t < 0 (a fact already observed in the paragraph following (3.3)) and the same analysis performed using the other parametrix in (3.6) shows that w has no singularities in t > 0 as well; we note here that the formula (3.3) works as long as t = 1 and the distribution kernels constructed in a neighbourhood of t = 0 are exact inverses and thus only one solution is possible, either in t < 0 or in t > 0. Thus the singularity in w at the point (0,0,ξ 0 ,0) can at best propagate only along the τ-axis and we have achieved the cancellation effect in fact in w along the t-axis. We thus obtain the following.
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